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Abstract-The hydromagnetic instability analysis is made of a gravitating finite resistive fluid 
layer sandwiched in a nonconducting infinite fluid of different densities. A genera1 eigenvalue relation 
valid for al1 perturbations is derived on the basis of a normal mode type technique. The conditions 
for stability and instability states are determined. Some results obtained by earlier authors are also 
derived as special cases of the present analysis. 
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1. INTRODUCTION 
In recent years considerable attention bas been given to the stability of an inviscid electrically 
conducting fluid layer under the action of external electromagnetic and gravitational forces. In 
view of significant effects of these forces on the stability of the fluid layer, several authors including 
Chandrasekhar [l] and Malik and Singh [2] h ave investigated the hydromagnetic stability of fluid 
flows in various configurations. In order to gain understanding of the dynamica1 behavior of 
the spiral arms of galaxies for ideal fluid systems, Radwan (3-91 has examined the stability 
analysis of a gaseous liquid core, a cylindrical liquid jet, and an annular fluid jet in the presence 
of varying magnetic fields in various configurations. On the other hand, Srinivasan et al. [lO] 
have investigated the hydromagnetic stability analysis of a radially stratified compressible fluid 
rotating between two axial cylinders. They have established a quadrant theorem on the slow 
amplifying waves characteristic of a rapidly rotating fluid. 
In spite of these studies, it seems important to make a hydromagnetic stability analysis of 
a fluid layer sandwiched in a nonconducting infinite Auid of different densities. So the major 
objective of the present work is to investigate hydromagnetic instability analysis of a gravitating 
finite resistive fluid layer sandwiched in a different 0uid. Based on a normal mode type technique, 
a general eigenvalue relation valid for al1 perturbations is derived. The conditions for stability 
and instability states are determined. Some results of earlier studies are recovered as special 
cases of the present analysis. It seems that the present work bas applications to solar atmosphere 
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because this type of instability may be excited at the boundary of the magnetosphere by solar 
wind. 
2. MATHEMATICAL FORMULATION 
We consider an inviscid, incompressible and electrically conducting fluid layer of thickness 2h 
of density p sandwiched in a fluid of different density pl. This layer is bounded by the planes 
at z = f h and hss uniform magnetic permeability coefficient p. We further assume that the 
surrounding infinite fluid is inviscid and nonconducting. The sandwiched layer is pervaded by 
the basic constant magnetic field H = (Ho, 0,O) where HO is the intensity of the magnetic field in 
the s-direction. The fluid system under investigation is acted by the pressure gradient, electro- 
magnetic and external gravitational forces. We formulate the problem in a Cartesian coordinate 
(z, y, z) system. 
The hydromagnetic equation of motion and the equation of continuity are, in the usual standard 
notation, 
Pk=-V~+~(VxH)xH-gpe,, (2.1) 
divu = 0. (2.2) 
The equation of evolution of magnetic field including convection and diffusion terms, the equation 
of conservation of magnetic flux, and Ohm% law are 
~=vx(wH)-~(vx(vxH)), (2.3) 
divH = 0, (2.4) 
PJ’ = E + ; (u x H), (2.5) 
where H and E are magnetic and electric field intensities, r] is the resistivity coefficient, j is the 
electric current and c is the velocity of light. 
A system of equations similar to (2.1)-(2.5) with H = 0 and j = 0 can be written for an infinite 
fluid with dashes over the variables to distinguish them from those of the fluid layer. 
3. THE PERTURBATION EQUATIONS 
AND METHOD OF SOLUTION 
We introduce a smal1 perturbation Qi(z, y, z, t) in the basic unperturbed state Qc so that 
every physical quantity Q(z, y, 2, t) can be expressed in the form 
Q(z,y>~t) = Qo + E Ql(x,y>z,tL (3.1) 
where Q stands for u, p, H, E, and j, and E is an amplitude of the perturbation at time t = 0. 
We now seek a solution whose space-time dependence is of the form 
Q1 (2, Y, 2, t) = QC- exp 6 (ka: + 4) q (3.2) 
where k is the wavenumber and w is the frequency. 
Application of a sinusoidal wave along the fluid interface, the normal distance in the perturbed 
state, is z = h + C, < «  h with 
( (5, t) = E exp {i (kz + ut)}. (3.3) 
It is noted that <(z, t) represents the elevation of the surface waves measured from the initial 
leve1 z = h. 
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In view of the expansion (3.1), the perturbed equations for the fluid layer are given by 
p$ -/.J(H~.V)H~ =-Vpi -pV(H.H)r, (p is constant) (3.4) 
v . Ul = 0, (3.5) 
aH1 -=Vx(ulxHo)-@x(VxH), 
at 
(3.6) 
V.Hi =O, (3.7) 
7.k = Er + k (ur x Hl). (3.8) 
A system of equations similar to (3.4)-(3.8) may be written down but with dashes over the 
variables for the infinite fluid. It is found more convenient to rewrite the perturbation equations 
(3.4)-(3.8) and others in terms of scalar components. We write 
Ul = (wz, wy> Ult) > H = (Hlz> Hly, Hl,) i 
.il = (hz7.&,.hz), El = (J%, Ely> EI,) > . . . 
Using these field quantities in terms of components with the space-time dependence, equations 
(3.4)-(3.8) give 
iwpu1, = -ikp1, 
Uly = 0, 
GW 
(3.10) 
dpl 
iwpUlz = -z + pH0 
( 
dulz ikul, + - 
dz 
= 0, 
(3.11) 
(3.12) 
iwH1, - ikHoulz = 77 (-$ -k2) HIT, (3.13) 
iwH1, - ikHou1, = 17 (-$ - k2) Hlyr (3.14) 
iwH1, - ikHoul, = q (-$ - k2) Hl=> (3.15) 
dH1, dz + ikH1, = 0. (3.16) 
We next solve the system of equations (3.9)-(3.16) to determine the perturbed quantities. It 
follows from (3.9) that 
p1 = f WUIZ. 
0 
(3.17) 
Substituting from (3.13) and (3.17) into (3.11), we obtain 
(3.18) 
Differentiating equation (3.18) with respect to z and substituting for k in the resulting expres- 
sion from equation (3.12)) we finaily obtain 
(-& -k2)uI,=% (-$ -k2) Hl,. (3.19) 
Equation (3.15) yields 
iHokul, = CH1, (3.20) 
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where the differential operator L is defined by 
L=iw-q.g -k2). (3.21) 
In nonconducting infinite fluid, there is no current flow, and the electromagnetic Maxwell’s equa 
tions take the form 
VH; =O, VxH;=O. (3.22) 
By taking the curl of equation (3.22b) and using (3.22a) we get 
V2H’ = 0 1 7 
from which, taking into account the time-space dependence (3.2), we obtain 
(3.23) 
(-$ -k2) H;, =O. 
Consequently, equation (3.19) gives 
d2u’ 
di2 
= k2u’ 12’ 
(3.24) 
(3.25) 
Moreover, the perturbed forms of the equations of motion and the one of continuity are given by 
ip’wulz = -ikpi, (3.26) 
iku;% - - - d4z _ 0 
dz 
. (3.27) 
It is worth noting here that the perturbed kinetic pressure of the infinite fluid is given, from 
(3.26) and (3.27), by 
(3.28) 
Similarly, we derive 
p1= -i p ( > dulz Icz Wdz. (3.29) 
Combining equations (3.19) and (3.20), we obtain the second order differentisl equation 
d2H1, = 52f4, 
dt2 
with , 
(3.30) 
c2 = IC2 -i $ (““V; -w), 
( ) 
(3.31) 
where VA = Ho(~/p)l/~ is the Alfvèn wave velocity in the fluid. The complete solution, under 
the present circumstances, of equation (3.30) is given by 
Hl, = Ho [Cl cash (&z) + CZ exp (kz)] . (3.32) 
Consequently, on utiliaing (3.19) we have 
~1~ = VA [Cs cash (CZ) + C4 exp (kz)] . (3.33) 
Also the nonsingular solutions of equations (3.24) and (3.25) as z -t oo for the infinite fluid are 
given by 
uiz = VACsexp (-kz) , (3.34) 
Hi, = H& exp (-kz) , (3.35) 
where Cl, C2, Cs, Cq, Cs and Cs are constants of integrations to be determined. 
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4. EIGENVALUE RELATION AND DISCUSSIONS 
The solutions of the perturbation equations due to the linearization of the basic equations 
(2.1)-(2.5) and those concerning the nonconducting fluid must satisfy certain boundary conditions 
across the perturbed interface at z = h. Under the present circumstances for the system under 
consideration these boundary conditions may be formulated as follows. 
(i) The kinematic boundary conditions state that the normal component of t,he fluid must be 
continuous and simultaneously must be compatible with the velocity of the fluid-fluid perturbed 
interfa.ce at z = h. These conditions are 
Ulr = &, (4.1) 
aZ dz 
?JIZ = at’ UiZ = at. (4.2) 
(ii) Both the normal components of the velocity and the magnetic field of the nonconducting 
fluid must be finite at z + KJ. In fact this condition has been already applied for obtaining the 
solutions (3.34) and (3.35). 
(iii) The normal component of the magnetic field must be continuous across the perturbed 
interface at the initial position, i.e., 
Hl, = Hi, at z = h. (4.3) 
(iv) Th e an en la component of the magnetic field must be also continuous across the per- t g t’ 1 
turbed interface at z = h. This condition is 
~HI, affiz -=- 
dz az ’ at z = h. (4.4) 
(v) The dynamic condition is given by 
s h+C pCs+m -Ho jly dz = p’ls + pi, (4.5) h 
where the last term in the left-hand side of (4.5) is the z-component of the electromagnetic force 
,LL(V x H) x H, while j,, is the y-component of the perturbed electric current. In fact the term 
J’ 
h+C 
jl, dz (4.6) 
h 
bas a definite value for an infinitely conducting fluid. So the resulting current is carried in a 
very thin layer very near to the fluid-fluid interface and consequently the product of the current 
density and the thickness of this layer wil1 be, indeed, always finite. In the present case in which 
the fluid of the conducting layer bas a finite resistivity, it is found that the third term in the 
left-hand side of (4.5) wil1 be neglected. Therefore, the dynamic condition at z = h becomes 
PdfPl = P’d+Pi. (4.7) 
The last condition (4.7) may be rewritten, on using (3.28) and (3.29), in the form 
iw hz 
jcz ’ dz - ’ (- , d4, - dz + (p’ - p)gC = 0. (4.8) 
66 A. E. RADWAN AND L. DEBNATH 
By applying the previous boundary conditions (i)-( v , we obtain the following algebraic equa ) 
tions: 
kVAC = W& 
ikVAC = [iw - r] ([” - k2)] Cl, 
kVAC = 023, 
Cs cash (Eh) + C4 cash (kh) = Cs exp (-kh), 
Cl cash ([h) + Cs cash (kh) = CS exp (-kh), 
Ci sinh (Jh) + kC2 sinh (kh) = -kCs exp (-kh). 
Solving the system of equations (4.9)-(4.14) gives 
-< sinh (<h) + k cash ({h) 
” = k cash (Jh) + k sinh (kh) “’ 
-w [< sinh (Jh) + k cash (ch)] 
” = k2VA (cash ([h) + sinh (kh)) “’ 
C5 = Cl s w 
W 
cash (ch) - - 
k2VA 
(< sinh (@) + IC ‘Osh (‘k)) cash (kk) exp (kk) 
(cash (th) + sinh (kh)) 1 7 
c6 = c1 cash ([h) [k sinh (kh) - sinh (ch)] 
k cash (Ik) + sinh (kh) ’ 
and finally from the condition (4.2) we have 
Moreover, by utilizing (4.18), we find 
c 
1 
= ik2VAw2 cash (<h) + sinh (kh) 
L-M 7 
where the quantities L and M are given by 
L = k2VA cash (ch) (cash (<h) + sinh (kh)) , 
M = w”VA cash (kh) [t_ sinh (<h) + k cash (kh)] . 
Invoking (3.33), (3.34) and (4.15)-(4.21), the dynamic condition (4.8) yields 
w [EVA ([CI sinh (Sh) + kCz exp (kh)) + kp’VACs exp (-kh)] < + (p’ 7 p) g< = 0. 
This leads to the following eigenvalue (characteristic) equation in the form 
t k2VjE sinh (ch) e-leh - 
w2 (5 sinh (@L) + k cash (kh)) 
[cash (Eh) + sinh (kh)] 
+ ip’kVA 
[ 
w2 kVA cash (Jh) - lc2v (< sinh (0~) + k cash (kk)) cash (kh) 
A [cash (ch) + sinh (kh)] 1 = (P- P’ (2) k2) w(--kh), 
(4.9) 
(4.10) 
(4.11) 
(4.12) 
(4.13) 
(4.14) 
(4.15) 
(4.16) 
(4.17) 
(4.18) 
(4.19) 
(4.20) 
(4.21) 
(4.22) 
(4.23) 
(4.24) 
(4.25) 
where Cl is stil1 given by (4.21). 
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This is a fairly genera1 but complicated eigenvalue equation. However, in order to make further 
progress on the stability analysis, we consider the following special cases. 
In the case in which the model is a superposed semi-infinite fluid (h -f oo) and that the iower 
semi-infinite layer is infinitely conducting, the characteristic equation (4.25) reduces to 
2 2k2 
w =(p’ 
(4.26) 
The analysis of this equation leads to the fact that the semi-infinite superposed fluids acted by 
the pressure gradient, magnetohydrodynamic, and the external gravitating forces are stable if 
and only if the Alfvèn velocity VA satisfies the conditions 
(4.27) 
and vice versa. Thc equality in (4.27) corresponds to the marginal stability state. 
Now? we consider the case of two semi-infinite superposed fluids (as h 4 CO) and that the 
conducting fluid has a smal1 resistivity. If we postulate that w = -ia (see [9]) with the tem- 
poral amplification 0 (real) being extremely small, the eigenvalue relation (4.25) reduces to the 
approximate relation 
g3 = (mA) 
Wk%)2 (P/P - P’> - g/(2kVj)2 ’
(4.28) 
This result confirms that some unstable modes become stable as long as the resistivity is finite. 
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